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CFD-Based Aeroelastic Eigensolver for the Subsonic,
Transonic, and Supersonic Regimes

Michel Lesoinne* and Charbel Farhat
University of Colorado, Boulder, Colorado 80309-0429

We describe a linearized computational fluid dynamics (CFD) method for computing an arbitrary number of
eigensolutions of a given aeroelastic problem. The proposed method is based on the reengineering of a three-way
coupled formulation previously developed for the solution in the time domain of nonlinear transient aeroelastic
problems. It is applicable in the subsonic, transonic, and supersonic flow regimes, and independently from the
frequency or damping level of the target aeroelastic modes. It is based on the computation of the complex eigen-
solution of a carefully linearized fluid-structure interaction problem, relies on the inverse orthogonal iteration
algorithm, and reutilizes existing unsteady flow solvers. This is a validated method with the flutter analysis of the
AGARD Wing 445.6 for which experimental data are available.

Introduction

ECENT work in computational dynamic aeroelasticityhas es-

sentially focused on the development of advanced direct time-
integration methods for the solution of the coupled fluid-structure
equations of motion.!~3 Such methods have been applied to flutter
analysis and to the numerical investigation of active control devices
attached to aeroelastic systems. The area of active flutter suppres-
sion has also received special attention. However, few recent works
have addressed the problem of determining the coupled aeroelastic
mode shapes, frequencies, and natural (open-loop) damping of an
airframe structure. Existing methods®~® that tackle this problem are
often restricted to critical subsonic and supersonic flow speeds and
therefore can neither predict the negative or positive damping of an
aeroelastic system away from the flutter speed or in the transonic
regime, nor compute nonflutter mode shapes that may be required
for designing an efficient active controller. Some other methods that
alsorely on a simplified linear flow theory can produce a more com-
plete set of solutions; however, their range of applications usually
excludesthe transonicregime. An alternativeapproachis to produce
first a reduced-orderaerodynamic operator and then find the eigen-
solutionsof the coupledequationsin which such an operatoris used.
However, in his work on model reduction, Dowell'® requires the ex-
traction of the complete set of complex eigensolutionsat a cost that
rapidly becomes prohibitiveas the fluid mesh is refined. The method
of approximate balancing proposed by Baker et al.!' does not suffer
from this drawback, but it does not have a guaranteed convergence
and is harder to implement. Also, the sensitivity of the coupled
eigensolutionto the model reduction has yet to be understood.

In this paper, we propose a numerical method for computing an
arbitrary number of eigensolutions of a given aeroelastic problem.
This method is based on the linearization of the Euler equations
and the reengineering of a three-way coupled formulation previ-
ously developed for the solution of nonlinear transient aeroelastic
problems in the time domain.!> Because it is CFD based, it is valid
in principle in all flow regimes where the CFD method is valid (in
our case, subsonic, transonic, and supersonic). Because it reutilizes
existing unsteady flow solvers and nonlinear aeroelastic simulation
capabilities, it expands their range of applications and simplifies
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code maintenance. Our method does not assume a harmonic mo-
tion and therefore is applicable independently from the frequency
or damping level of the target aeroelastic modes. It is based on the
computation of the complex eigensolutionof a carefully linearized
fluid-structure interaction problem, and it relies on the inverse or-
thogonaliterationalgorithm."? Itis applied directly to the unreduced
coupled equationsand avoids any prior reduction of the order of the
fluid operator.

We also provide an overview of the computer implementation of
the proposed numerical method, illustrate it with the stability analy-
sis of a flat panel with infinite aspect ratio in supersonic airstreams,
and validate it with the flutter analysis of the AGARD 445.6 Wing
in the range 0.49 <M, < 1.14.

Three-Field Formulation of a Nonlinear
Aeroelastic Problem

Governing Equations

In many aeroelastic applications where some of the fluid domain
boundariesundergo a motion with a large amplitude, it is necessary
tosolvethe flow equationson a movingand possibly deforming grid.
Such a grid is commonly referred to in the computational aerody-
namics literature as a dynamic mesh. Several approacheshave been
proposed in the past for solving fluid-structure interaction prob-
lems on moving and deforming meshes, among which we note the
two closely related arbitrary Lagrangian Eulerian (ALE)'*!? and
dynamic mesh!® methods. In the most general case, all of these
methods can be used to formulate the fluid-structure problem of
interest as a three-field problem'®: the fluid, the structure, and the
dynamic mesh that is often represented by a pseudostructural sys-
tem. For example, in the case of the ALE method, a fluid-structure
interaction problem can be described by the following coupled par-
tial differential equations:

&
82M5 . —
Os Py —div{ogles(us)l} = b @
_0%x L=
p— — div[E : ()] = g(us) 3)

ot?

Eq. (1) is the ALE nondimensionalconservative form of the Navier-
Stokes equations and describes viscous flows on dynamic meshes.
Here, ¢ denotes time; a dot designates a derivative with respect
to time; x(¢) denotes the time-dependent position or displacement
of a fluid grid point (depending on the context of the sentence
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and the equation); & its position in a reference configuration,
J =det(dx /d&); w is the fluid-state vector using the conservative
variables; and F and R denote, respectively, the convective and
diffusive fluxes. Eq. (2) is an elastodynamic equation where ug de-
notes the displacement field of the structure and py its density; og
and €5 denote, respectively, the stress and strain tensors; and b rep-
resents the body forces acting on the given structure. Finally, Eq. (3)
governs the dynamics of the fluid-moving grid. It is similar to the
elastodynamic equation because the dynamic mesh is viewed here
as a pseudostructuralsystem. A tilde notationis used to indicate that
0 is a fictitious density and E is a fictitious tensor of elasticities."”
Usually, the fluid mesh motion is triggered by the displacement or
vibration of the structure, which is represented here by g(ug). The
various Dirichlet and Neumann boundary conditions intrinsic to
each of the fluid and structure problems are omitted for simplicity.

Equations (1), (2), and (3) are directly coupled. If ur denotes
the ALE displacement field of the fluid and p its pressure field,
os and oy denote the structure stress tensor and the fluid viscous
stress tensor, I' denotes the fluid-structure interface boundary (wet
boundary of the structure), and n denotes the normal at a pointto T,
the fluid and structure equations are usually coupled by imposing
that

oy nN=—pn+op-n on I 4)
Us = Up on I 5)

The first of these two interface boundary conditions states that the
tractions on the wet surface of the structure are in equilibrium with
those on the fluid side of I'. Equation (5) expressesthe compatibility
between the displacement fields of the structure and the fluid at the
fluid-structure interface. For inviscid flows, this second equation is
replaced by the slip-wall boundary condition:

8uF-n=%-n on T 6)

ot ot

The structure and dynamic mesh motions are also coupled by the
continuity conditions

X =uUg on I @)
d d
ox _ dis on T )
at at

In the sequel, only inviscid flows are considered.

Semidiscretization

The spatial approximationof the ALE nondimensionalconserva-
tive form of the Euler equations by finite element or finite volume
schemes leads to semidiscrete equations that can be written as

%[A(x)w] +Fw,x,x)=0 9)

where a bold font designates the discrete counterpartof a field vari-
able, and in the case of a finite volume semidiscretization,A is the
diagonal matrix of the cell volumes and F is the numerical flux ap-
proximating the integral of the physical flux function over the cell
interfaces.

The finite element equations of structural equilibrium can be
expressed as

Mii + fin (u, 1t) = for (u, w) (10)

where M is the finite element mass matrix, u denotes the displace-
ment vector, f;, is the vector of internal forces, and f,,, is the vector
of external forces induced by the fluid on the structure.

Finally, if the dynamic mesh is assimilated with a pseudostruc-
tural model, the semidiscrete equations governing its motion can be
written as

M3 +Dx +Kx =K.u (11)

where M, D, and K are the fictitious mass, damping, and stiffness
matrices,!” and K. is a transfer matrix that describes the action

of the motion of the structural side of the fluid-structure interface
on the fluid dynamic mesh. These matrices can be readjustedat each
time step.

Linearization of the Nonlinear Aeroelastic Problem

An important characteristic of aeroelastic vibration problems is
that they can be analyzed by linearizing the governing equations
around an equilibrium point and investigating the response of the
target aeroelastic system to a small perturbation around that point.

The linearization with respect to the variables w, w, x, x, X, u,
u, and u is performed around an equilibrium point characterized by
the values wg, wy, Xo, Xo, Xo, Ug, Ug, and iy, respectively. We have

w =wj+ Sw, w=w,+ ow (12)
x=x0+5x, x=x0+5x, XZXQ+5X (13)
u=uy+déu, u=uy+du, u=1iy+déu (14)

The first term in Eq. (9) can be expanded as follows

0A (x)
at

d . .. 0A
—[A@)w] =Ax)w + w=AX)W+ x,—w
ot 8xk

. . 0ay; . .
=A@X)w +xk8_wj =AW+ Ex,w)x (15)
Xk

where each element of the E matrix can be expressed as
da;;
e = —w; (16)
ik axk J

Its linearizationis given by

0A . . .
A(xo)wy + (8—5x>w0 + A(xg)dw + E(xg, wo)x,
x

oE oE . .
+ | —68x + —38w |xq + E(xy, wg)dx a7
ox ow
where (JE/9x)dx and (JE/dw)Sw are matrices with coefficients
oE 0%a;;
—&x = #w,ﬂxm (18)
ox i 0X,, X,
oE aa;;
—w | =—Lsw, (19)
ow . axk
ik
Let
Ap = A(xo),

Ey = E(x,, wo)

il .
Hy = — (wo, x0, Xo)

Fy = F(wo, X0, X), ™

oF ) oF )
Gy = — (wy, o, X), Co = —(Wo, X0, %)  (20)
ox ox

The linearization of the second term in Eq. (9) around the
equilibrium position (wo, xo, Xo) can be written as

I_;'(w,x,.)&) :FQ +H05W+G05X+C05x (2])

Hence, the complete linearized fluid equation is

. . . . 0A . oE
Agwyg +ow) + Eg(xg +6x) + | —dx ) wo + | —dx
ox 0 ox

oE . .
+8_5W> X0 +F0 +H05W+GQ(§X+CQ(§X‘:O (22)
w
0

If K, and D, denote, respectively, the finite element stiffness
and damping matrices of the structure at the equilibrium point, the
linearizationof the left-handside of the structuralequationof motion
[see Eq. (10)] can be expressed as

Miio + Msu +fim(ll0,l.lo) +D05u +K05u (23)



630 LESOINNE AND FARHAT

The linearization of the external forces f.,, is given by

Seu @, w) = foxi (o, wo) + K, 8u + Podw (24)
where
Of e Of ex
fo = 8::(”0,”’0), Py = 8:4; (o, wo) (25)

Hence, the complete linearized structural equation of motion can
be written as

Msu + Dydu + (Ko _Kfo)‘su :fexlo —Mu, _finlo +Podw  (26)

By definition, the equilibrium point (wq, Wo, X0, X0, Xo, Uo, o,
i) satisfies the governingequations (9-11) as well as the following
steady-state conditions:

WQ—O, F():O, x0=0, XQ:O
da;;
Kxo = K(-llo, Uy = O, X0y =0 (27)
axg /
It follows that
. . 0A .\ .
A0W0 +E0X0+F0 :O, —éx Wy =
ox 0
aa;; oE .
Xy 2 sw, = 0, —Sw | xo =
k J
Xy 0 ow 0
MiiO +finlo :fexlo (28)

Therefore, the linearized flow equation can be rewritten as

Aydw + Hydw + Gydx + (Ey + Cy)éx =0 (29)
and the linearized structural and mesh motion equations simplify to
Méu + Dydu + K, Su = Pydw (30)
where
K, = K, — Kj, (3D
and
Ms3i + Déx + Kox = K, 6u (32)

It should be noted that the adjusted structural stiffness matrix
K,, is not guaranteed to be positive definite. When it is not, the
aeroelastic system will exhibit divergence.

In the sequel, the subscript O and the prefix § are dropped to sim-
plify the notation. This should not cause any confusion because in
our subsequent analyses, all matrices are evaluated at the equilib-
rium point, and all vectors are perturbation quantities.

Finally, Eqs. (29-32) can be groupedinto the following three-way
coupled system:

0 0 0\ /w A (E+C) 0\ [w
0 M 0 x|+1]o0 D o] |=x
0 0 M) \u 0 0 D/ \u

H G 0 w

+] 0 K -k x| =0 (33)
—-P 0 K u

Such a representation is, however, inconvenient for any practical
purpose. Nevertheless, it reveals the unsymmetric nature of the cou-
pled system and highlights the different orders of the differential
equations governing the fluid and structural systems.

Aeroelastic Eigenvalue Problem

For simplicity, and without any loss of generality, we consider
in the sequel the case where the dynamic fluid mesh is represented

by a network of edge-springs as proposed by Batina.!> This is a
particularinstance of the general formulation arrising from Egs. (3)
and (7), where M =D = 0. We also define

K* =K 'K, (34)
and eliminate x and x as follows:
x =K 'K.u=K'u, =K' (35)

Next, let us introduce the variable y =z and reduce the second-
order coupled system in Eq. (33) to the following first-order one:

A 0 O w H (E+OK" GK* w
0o M O yl|+|-P 0 K, y|]=0
0 0 —I/\u 0 1 0 u

(36)

This first-ordersystemof differentialequationscan be rewrittenas

q=Ngq (37)
where
w —A'H —-A""(E+4+C)K* —-A"'GK*
g=|y]. N=|M'P 0 —M'K,
u 0 1 0
(38)
and its correspondingeigenvalue problem is
N —=2xiDgq; =0 (39)

where X, is an eigenvalue and ¢; is an eigenvector. In general, the
above eigenvalue problem has complex solutions. It is of great in-
terest in aeroelasticity because the sign of the real part of each
eigenvalue A; determines whether the aeroelastic system is stable or
unstable. The main objective of this paper is to present a numerical
method for solving this eigenvalue problem that is deemed more
general than those published in the past. In particular, we are inter-
ested in the eigensolutionsthat are the least stable, that is, for which
N(A;) is the largest negative number or is positive.

Solution Method

Structural Model Reduction

If ng denotes the number of structural degrees of freedom and n ¢
the number of fluid unknowns, the coupled fluid-structure eigen-
value problem in Eq. (39) admits 2ns + nx solutions. However, an
analyst is in general interested in only a relatively small number
of eigensolutions. For example, for flutter analysis, the eigenvalues
of interest are those correspondingto a low frequency and/or small
damping. Furthermore, the eigensolutionsof interest commonly in-
volve only a subset of the structural “dry” (uncoupled) modes. For
these reasons, it is reasonable, but not mandatory, to represent the
structure by its first m dry modes and therefore to switch from the
displacement variable u to the modal variable (or generalized coor-
dinate) u,, defined by

u=",u, (40)

where Wis an ng x m matrix storing the m-chosendry eigenvectors
;. These eigenvectors are solution of the structural eigenvalue
problem

KV, = w’MV, 41)

In general,m isrelativelysmall comparedtong (say, 10 < m < 30)
and therefore the reduced mass and stiffness matrices

M, = VMY, K, =¥'K,¥, (42)
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and the reduced matrices
K =K', pP,=¥'pP (43)

have small sizes. Substituting Eq. (40) into Eq. (36) leads to the
reduced first-order system of differential equations

where
w
qm - ym
U

-A"'H -A"“(E+CO)K' -A"'GK:
N, = | M;'P, 0 —M'K,, (45)
0 1 0

The corresponding reduced eigenvalue problem is
(Nm - l’vil)qmi =0 (46)

Remark: 1t is also possible to use a modal representation for
reducing the order of the fluid model'® and therefore reducing fur-
ther the size of the matrix NV,,. However, this reductionbecomes pro-
hibitive for a refined mesh because all the eigenvectors of the fluid
operatorhave to be computed. An alternativeis the approximatebal-
ancing of Baker,'! but it requires computing the eigensolutions of
a more complex system and suffers from lack of convergence guar-
antees because the matrix on which the power method is applied is
varied at each iteration.

Method of Inverse Orthogonal Iteration

We are interested in the low end of the spectrum of N,,, which
can be computed by a straightforward generalization of the inverse
power iteration algorithm known as the method of inverse orthog-
onal iteration. However, rather than operating directly on N,,, we
select to operate on (I — hN,,), h > 0, for reasons that will become
clearer in the next section. The reader is reminded that N,, and
(I — hN,,) share the same eigenvectors, and that if v; is an eigen-
value of (I — hN,,),

wi=0—wv)/h (47)

is the correspondingeigenvalue of V,,,.

Let r =2m +ny. Given an r x p matrix T® with p <m or-
thonormal columns, the following method of inverse orthogonal it-
eration generates a sequence of matrices T®) € R”* 7, whose ranges
R[T®] converge to the subspace spanned by the p eigenvectorsas-
sociated with the smallest eigenvalues of (I — iN,,)

Fork=1,2,...
Solve (I — hN)Z® =T* =D
Orthonormalize Z® using a OR factorization: T®¥ R® = Z®

The matrix product T®' Z®, where the superscript T designates
a transpose, converges to a p X p block upper triangular with ei-
ther 1 x 1 or 2 x 2 diagonal blocks. These diagonal blocks easily
lead to the smallest eigenvalues v;, from which one can deduce the
smallest eigenvalues it,;. A good approximation of the eigenvectors
qm;,i=1,..., p can then be obtained by computTing the complete
set of eigenvectors S, of the p x p matrix T®" Z% and setting
0,,=T®S,.

Reusing the Components from an Implicit
Nonlinear Unsteady Solver
The computationally intensive kernel of the method of inverse
orthogonaliterationis the one providingat eachiterationthe solution
of a problem of the form

(I—hN)z=t (48)

We propose to solve the problem by a block-Jacobi scheme. In
the next section, it is shown that it is possible to produce a good
approximation of z that accelerates the convergenceof this iterative
solution procedure.

From Eq. (45), it follows that at each block-Jacobiiterationn, the
flow problem associated with Eq. (48) is

A+hHw™ =Aw" " — h(E+ CO)K'y" ™" — hGK*'u" =" (49)

If & is identified with a time-step Az, the problem becomes identical
to that which arises at every time-step of the solution of a transient
aeroelastic problem by an implicit scheme. Hence, each iteration
of the eigensolver proposed in this paper can be carried out by
reutilizing an implicit nonlinear unsteady flow solver. Given the
major efforts that have been invested in the last decade to develop
implicit Euler and Navier-Stokes unsteady flow solvers, this is a
rather important feature of our aeroelastic eigensolver.

Accelerating the Convergence of the
Block-Jacobi Algorithm

At the kth step of the method of inverse orthogonal iteration,
Z%=" is readily available, and the objective is to solve p systems
of the form

(I — Nz =" (50)
using a block-Jacobi scheme. A good initial guess for sz) can be
constructed by the following Rayleigh-Ritz procedure. First, an
initial guess is selected in the subspace spanned by R[Z* ~ 1]
P =z X 51)

then A is computed to minimize the initial block-Jacobi residual
[[£* =Y — @ — hN)Z% =D ]|, This leads to

%[ATT“"Z)TT“"Z))\ AT D e D] <

(52)

Given that T* ~? is an orthonormal matrix, it follows that the solu-
tion of Eq. (52) is

A=TE2 D (53)
Hence, the proposed initial guess for sz) is
7P =z e oD (54)

However, to minimize the storage requirements, the r x p matrix
Z*~ Y isnot stored while applying the method of inverse orthogonal
iteration;instead, the smaller p x p R*~ 1 matrix is stored. At each
iteration of the eigensolverZ*~ 1 = R*~VT®* =1 is reconstructed,
and therefore the initial guess sz) is computed as follows:

1 (0) . - T (ke —
zi(k) — R&-Dk-D k-2 tfk ) (55)

Using a matrix notation, the initial guesses for all p systems to be
solved can be written as

Z®O© _ plh—1pk—Dpk=2" pk—1 (56)

Solvers and Parallel Implementation

As stated earlier, a distinctive feature of the proposed aeroelastic
eigensolveris that it can reuse an existing code for the solution of
nonlineartransient aeroelasticresponse problems. In the flow solver
of our aeroelastic heterogeneous software package*!” the spatial
discretization of the Euler or Navier-Stokes equations is carried
out on unstructured meshes. It combines a Roe upwind scheme for
computing the convectivefluxes, and a Galerkincentered method for

evaluating the viscous terms. Second-order spatial accuracy for the
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convectiveterms is achieved throughthe use of a piecewise linearin-
terpolationmethod that follows the principle of the MUSCL (mono-
tonic upwind scheme for conservativelaws) procedure.'® Temporal
discretization can be achieved either by a first-order time-accurate
backward Euler scheme or a second-order time-accurate implicit
scheme based on the defect correction method.'” An ALE formula-
tionis incorporatedin the nonlinearunsteady flow solverto allow the
grid points to displacein a Lagrangianfashion, or be held fixed in an
Eulerian manner, or be moved in some specified way to give a con-
tinuous and automatic rezoning capability, depending on the needs
of the physical problem to be solved. The numerical algorithmsused
with this ALE formulationsatisfy the geometricconservationlaws?
that govern flow computations on dynamic meshes.

The structure is represented by a finite element model, and its
dynamic behavior can be predicted using either the true displace-
ment, velocity, and acceleration degrees of freedom or the modal
coordinates discussed in solution method section.

In this work, the unstructured dynamic fluid mesh is represented
by a network of edge-based springs (M =D =0). The grid points
located on the upstream and downstream boundaries are held fixed.
The motion of those pointslocatedon the fluid-structureboundary I’
is determined from the structure surface motion and/or deformation.

In general, the fluid and structure meshes have two independent
representations of the physical fluid-structure interface, which of-
ten leads to fluid and structure meshes that are incompatible at their
interface boundaries. In that case, we use the Matcher software and
algorithms described in previous work by the authors*'*?? for prop-
erly exchanging the aerodynamic and elastodynamic data between
the flow and structural solvers.

flow

Fig. 1 Aeroelastic panel problem.

Our flow, structure,and dynamic mesh solvers are implementedas
separate programs that communicate via a software communication
library. Each of these three codesis parallelizedusing the mesh parti-
tioning and message-passing paradigms.>>* The message passing
interface (MPI) is used for interprocessor communication within
each single discipline code as well as between the fluid, structure,
and dynamic mesh codes.

Finally, we note that in this work, the derivatives incurred by
the linearizationprocess have been either computed numerically or
generated with the software ADIFOR.%’

Applications

First, we consider the three-dimensional aeroelastic analysis
on an IBM SP2 parallel processor of a flat panel with infinite
aspect ratio in supersonic airstreams. The panel has a length
L =0.5 m, a uniform thickness 4 =1.35 x 1073 m, a Young mod-
ulus £ =7.728 x 10'°N/m?, a Poisson ratio v=0.33, a density
0 =2710 kg/m?, and it is clamped at both ends (Fig. 1). Its fi-
nite element discretization contains 100 triangular shell elements,
102 nodes, and 612 DOF. Only the first 10 dry modes associated
with this finite element model are retained for the aeroelastic sta-
bility analysis reported here. The flow domain above this panel is
discretizedinto 20,250 vertices and 94,080 unstructured tetrahedra.
A slip condition is imposed at the fluid-structure boundary. The in-
flow conditions are set to po, = 0.4 kg/m® and c,, =300 m/s. The
Mach number is varied between 1.8 and 2.45.

The analytical solution of the instability problem of flat panels
with infinite aspectratio in supersonicairstreams assumes a shallow
shell theory for the structureand a linearized formulation for the flow
problem (piston theory). Within this classical approach, the dynam-
ics of the focus-coupled fluid-structure system are governed by a
fourth-orderpartial differentialequation, and the flutter conditionis
obtained by analyzing the roots of the corresponding characteristic
equation 2 For the panel consideredin this section, the classical lin-
ear theory predicts flutter at the critical Mach number M = 2.27.
Here we apply the proposed aeroelasticeigenvalue formulation and
solution procedure to compute the stability limit of this panel. More
specifically, we use six trial vectors to initialize the method of in-
verse orthogonal iteration.

Figures 2 and 3 show the real and imaginary parts of the first two
aeroelastic modes of the panel as a function of the Mach number.
For comparison, we note that the frequencies of the first two dry
modes are w; = 197.1 rad/s and w, =541.8 rad/s. The continuous

Flat panel with infinite aspect ratio

60 T T T

Real part of the aeroelastic eigenvalue

T T T T

Mode 1: piston theory o

Mode 2: piston theory ~----
Mode 1: proposed formulation and solution procedufe <

1 1 1 1 -

-80 1 1 1
1.8 1.9 2 2.1

2.2 2.3 2.4 25 2.6

Mach number

Fig. 2 Variation of the real part of the aeroelastic eigenvalue with the Mach number.
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Flat panetl with infinite aspect ratio

520 — T T T T T T T
""""" e Mode 1: piston theory ——
T Mode 2: piston theory ----
500 - * -~ Mode 1: proposed formulation and solution procedure ¢
iy ‘Mode 2: proposed formulation and solution procedure +
@ T
% N
g
~ 480 E
[
5
®
>
c
& ae0 f -
[}
8
D
@
D 440 E
[
()]
[
g
= 420 .
(o]
€
[\
[=%
g 400 + E
c
k=)
©
£
- 380 [ E
360 i 1 1 I i 1 1
1.8 1.9 2 2.1 22 2.3 24 25 2.6

Mach number

Fig. 3 Variation of the imaginary part of the aeroelastic eigenvalue with the Mach number.

Flat panel with infinite aspect ratio - first mode shape at Mach = 2.27

Real part —
Imaginary part ----

Fig. 4 Real and imaginary parts of the first aeroelastic mode shape.

curvescorrespondto the solutionsobtainedby the piston theory, and
the superimposed discrete points correspond to those computed by
our new method. These figures demonstrate an excellent correlation
between our computational results and the analytical solution, and
a relative error in the neighborhood of 0.5.% The reader can ob-
serve that the first two aeroelastic eigenvalues coalesce before the
flutter speed. Before coalescence, these eigenvaluesreveal the same
amount of damping. After coalescence, the frequencies of the two
modes become equal, but one mode becomes unstable and the other
witnesses an increase in damping. Because the structural model
constructed with finite elements is slightly more flexible than that
derived by the analytical method, the computational methodology
proposedin this paper predict coalescenceand flutter slightly earlier
than predicted by the piston theory. However, as already stated, the
relative error between the results produced by our new method and
those of the piston theory is less than 0.5%.

Finally, Fig. 4 shows the real and imaginary parts of the first wet
mode shape of the panel computed at M., =2.27. Unlike in the
dry case, this mode shape is not symmetric. It is not antisymmetric,
either. Plotting complex eigenvectorsis difficult in general because
of the lack of standard normalization procedures. However, the fact
that we have been able to find a normalization scheme where the
amplitude of the imaginary part of the first wet mode shape is very
small compared with that of the real part indicates that the first
aeroelastic mode does not contribute an important phase shift to the
motion of the panel.

Next, we consider the flutter analysis of the AGARD Wing 445.6
(Fig. 5) (Ref. 27.) This wing is an AGARD standard aeroelastic
configuration with a 45 deg quarter-chord sweep angle, a panel
aspectratio of 1.65, ataperratioof 0.66,and a NACA 65A004 airfoil
section. The model selected here is the so-called 2.5-ft weakened
model 3, whose measured modal frequenciesand wind-tunnelflutter
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Fig. 5 Flutter speed index (AGARD Wing 445.6).

test results are reported in Yates’” and for which computational
aeroelastic data can be found in Lee-Rausch and Batina?® and in
Gupta.?

An undamped finite element model of the wing with 800 trian-
gular composite shell elements and 2646 DOF is constructed using
the information given in Yates.?’” It yields natural mode shapes and
frequencies that are similar to those derived experimentally. More
specifically, the frequencies associated with the first four natural
modes of this finite element model are, respectively, 9.83, 39.54,
50.50, and 96.95 Hz. They differ from the experimental ones by
only 2.5,3.6,4.5, and 5.9%, respectively.

Two three-dimensional unstructured tetrahedral CFD Euler
meshes were generated using GHS3D* and Gridgen, respectively.
The first mesh has only 22,014 vertices. The second mesh is finer: it
contains 199,680 vertices and serves the purpose of checking mesh
convergence.

All computations discussed next are carried out on an IBM SP2
parallelcomputer. A single processoris assignedto the finite element
structural model, while 3 and 10 processors are assigned the coarse
and fine CFD meshes, respectively.

We apply the eigensolution method proposed in this paper to the
prediction of the flutter speed index as a function of the Mach num-
ber. More specifically, we represent the structure by its first 10 dry
modes and employ 6 trial vectors to initialize the method of in-
verse orthogonaliteration. For each target Mach number, we set the
freestream density as in Ref. 27, and vary the freestream pressure
until we observe the onsetof flutter characterizedby a vanishingreal
part of a computed eigenvalue. We report our results in Fig. 5 and
compare them with the experimental data publishedin Ref. 27, and
the computational results published in references from Lee-Rausch
and Batina®® and Gupta.”® Note that the flutter envelopes reported
by Lee-Rausch and Batina and by Gupta are derived from the solu-
tion of nonlinear transient aeroelastic response problems where the
unsteady flow computations are performed using an Euler solver.

The results reported in Fig. 5 show that in the range 0.499
<M, <0.960, the flutter speed indices predicted by our computa-
tional methodology compare favorably with the experimental data,
and with both computational results published in Refs. 28 and 29.
In the supersonic regime, our results compare more favorably with
experimental data than those of Lee-Rausch and Batina, but less fa-
vorably than those of Gupta. Indeed, in the supersonic regime, our
computational results validate those of Lee-Rausch and Batina. As
can be seen, the finer mesh seems to indicate an onset of the tran-

sonic dip at a very slightly higher Mach number than the coarser
mesh. Otherwise, the results predicted by our eigensolverusing the
coarse mesh agree with those obtained using the finer mesh, which
establishes mesh convergence.

Conclusions

In this paper, we have described a CFD-based linearized method
for computing an arbitrary number of eigensolutions of a given
aeroelastic problem. The proposed method can be implemented by
reengineering the computational modules of a nonlinear transient
aeroelastic simulation capability. In particular, it reutilizes exist-
ing CFD-based unsteady flow solvers. It is applicable in subsonic,
transonic, and supersonic flow regimes, independently from the fre-
quency or damping level of the target aeroelastic modes. It is based
on the computation of the complex eigensolution of a carefully lin-
earized fluid-structure interaction problem by the inverse orthog-
onal iteration algorithm. We have illustrated this method with the
stability analysis of a flat panel with infinite aspect ratio in super-
sonic airstreams. For this academic aeroelastic problem, the results
produced by our computational method are in excellent agreement
with those predicted analytically by the piston theory. We have also
applied it to the flutter analysis of the AGARD Wing 445.6 and
predicted flutter speed indices that are in very good agreement with
experimental data in the range 0.499 < M, <0.960 and in excel-
lent agreement with the computational results obtained by another
investigator’® in the range 0.499 < M, < 1.14 by solving nonlinear
response problems in the time domain. In particular, the proposed
linearized method captured well the transonic dip.
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